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A b s t r a c t  
A method i s  d e s c r i b e d  f o r  deve lop ing  an approximate  domain 
of  a t t r a c t i o n  f o r  a s i n g u l a r  p o i n t  o f  t h e  o r d i n a r y  autonomous 
.. 
second o r d e r  d i f f e r e n t i a l  e q u a t i o n  x + f ( x , i ) i  + g ( x , i )  = 0 ,  where 
f and g are f i n i t e  o r d e r  po lynomia ls  i n  x and X .  Reverse s o l u t i o n  
t r a j e c t o r i e s  are c a l c u l a t e d  f o r  domain boundar i e s  from a s e l e c -  
t i v e  s e t  o f  end p o i n t  c o n d i t i o n s  known t o  be long  t o  t h e  domain 
e 
. o f  a t t r a c t i o n .  The l a t t e r  i s  found i n i t i a l l y  from an a r b i t r a r i l y  
chosen Liapunov f u n c t i o n .  The p r o c e s s  i s  a r r a n g e d  for machine 
computat ion and i s  p a r t i c u l a r l y  e f f e c t i v e  f o r  e q u a t i o n s  w i t h  
s o l u t i o n  t r a j e c t o r i e s  n o t  e x h i b i t i n g  l i m i t  c y c l e s .  
\ 
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G R A P H I C A L  APPROXINATION TO THE 
DOMAIN OF ATTRACTION 
FOR SECOND ORDER SYSTEMS 
I. INTRODUCTION . 
1 
I The problem o f  e s t a b l i s h i n g  s t a b i l i t y  c h a r a c t e r i s t i c s  o f  a s i n g u l a r  p o i n t  i s  fundamenta l  t o  t h e  a n a l y s i s  o f  n o n l i n e a r  
of a t t r a c t i o n  abou t  a s i n g u l a r  p o i n t  found t o  be  a s y m p t o t i c a l l y  
s table  i s  t o  be de te rmined .  The s i g n i f i c a n t  p r a c t i c a l  i n t e r e s t  i n  
r e s o l v i n g  t h i s  l a t t e r  problem j u s t i f i e s  a n  i n v e s t i g a t i o n  i n t o  t h e  
u s e  o f  computer  ass is ted s o l u t i o n s .  The domain o f  a t t r a c t i o n ,  or 
t h e  r e g i o n  o f  a s y m p t o t i c  s t a b i l i t y ,  d e f i n e s  t h o s e  p o i n t s  i n  s t a t e  
s p a c e  a round a s tab le  s i n g u l a r  p o i n t  c o r r e s p o n d i n g  to i n i t i a l  
c o n d i t i o n s  o f  a l l  s o l u t i o n  t r a j e c t o r i e s  which approach  t h e  s ingu-  
l a r  p o i n t  as t becomes i n c r e a s i n g l y  more p o s i t i v e .  A computer 
ass i s ted  p r o c e d u r e  i s  descr ibed f o r  s y s t e m a t i c a l l y  d e v e l o p i n g  a n  
a r b i t r a r y  c l o s e  approx ima t ion  to t h e  domain o f  a t t r a c t i o n  fo r  a 
class o f  s econd  o r d e r  n o n l i n e a r  autonomous o r d i n a r y  d i f f e r e n t i a l  
e q u a t i o n s ,  based on t h e  c o n c e p t s  o f  a n  i n v a r i e n t  s e t  and l i m i t i n g  
s e t  from s t a b i l i t y  t h e o r y  El]. 
* Methods which have been  s u g g e s t e d  for e s t i m a t i n g  t h e  domain 
o f  a t t r a c t i o n  are d i r e c t e d  g e n e r a l l y  t o  f i n d i n g  a l t e r n a t e  Liapunov 
f u n c t i o n s  which d e s c r i b e '  more i n c l u s i v e  p o r t i o n s  of t h e  domain 
C2,3,41. T h i s  p rocedure  i s  based i n s t e a d  on t h e  c a l c u l a t i o n  o f  
. s e l e c t i v e  r e v e r s e  s o l u t i o n  t r a j e c t o r i e s .  It i s  c o n v e n i e n t  to u s e  
a Liapunov f u n c t i o n  f o r  t h e  s y s t e m  i n  an  a r b i t r a r i l y  small r e g i o n  
a b o u t  t h e  s i n g u l a r  p o i n t  t o  s t a r t  t h e  p r o c e d u r e .  The r e s u l t s  are 
2 sys tems.  A more d i f f i c u l t  problem a r i ses ,  however,  i f  t h e  domain 
. i ndependen t  o f  t h e  c h o i c e  o f  t h i s  Liapunov f u n c t i o n ,  however. 
While t h e  development  has been  r e s t r i c t e d  t o  one c l a s s  o f  
n o n l i n e a r  second o r d e r  e q u a t i o n s ,  i t  a p p e a r s  p o s s i b l e  t o  e x t e n d  
t h e  ideas t o  more complex e q u a t i o n s ,  
The problem i s  d e s c r i b e d  i n  S e c t i o n  11, a l o n g  w i t h  some 
cha rac t e r i s t i c s  of' s o l u t i o n  t r a j e c t o r i e s  o f  t h e  c lass  o f  non-' 
l i n e a r  d i f f e r e n t i a l  e q u a t i o n s .  A theorem is  s ta ted  i n  S e c t i o n  I11 
t o  s u p p o r t  t h e  c o n s t r u c t i o n  p r o c e d u r e .  Details o f  t h e  method and 
some p r a c t i c a l  c o n s i d e r a t i o n s  are g i v e n  i n  S e c t i o n  I V .  The n e x t  
s e c t i o n  d e s c r i b e s  a machine program f o r  c o n s t r u c t i n g  a n  approx i -  
ma t ion  t o  t h e  domain o f  a t t r a c t i o n ,  T h r e e  examples  w i t h  computer  
ass is ted s o l u t i o n s  a p p e a r  i n  S e c t i o n  V I .  
11. STATEMENT OF THE PROBLEM 
Cons ider  a second o r d e r  s y s t e m  
.1 
where N(x,y)  i s  assumed t o  b e  a f i n i t e  o r d e r  po lynomia l  i n  x and 
y o f  o r d e r  n ,  s a y  
2 xy + a2*y ) + e * *  2 N ( x , Y )  = aO0 + (alOx -I- ally) + (aZ0x 
+ "21 
n- 1 
y + ' * *  + an ,n- l  XY + annYn) n n- 1 * * *  + (anox + anlx 
n m  m - i  i = c c amix y 
m=O i = O  
W r i t i n g  ( 2 )  as 
* .  
N ( x , x )  = - f ( x , x ) x  - g ( X , x ) ,  
equ.ation (1) i s  e q u i v a l e n t l y  g i v e n  as 
2 + f ( x , &  + g(x , ; r )  = 0 .  
( 3 )  
( 4 )  
. . 
A s  s i n g u l a r  p o i n t s  of (1) are d e f i n e d  f o r  x = y = 0 ,  a l l  y coord i -  
n a t e s  are z e r o  and t h e  x c o o r d i n a t e s  are r e a l  r o o t s  o f  t h e  
a l g e b r a i c  e q u a t i o n  
N ( x , O )  = 0 
u 2 
o r  + alOx + 0 . 4  + anoxn = 0. "00 
< Cons ide r  k ( k  - n )  d i s t i n c t  r ea l  roots o f  ( 5 )  such  t ha t  t h e  s ingu-  
l a r  p o i n t s , o f  ( 2 )  are 
L By a p a r a l l e l  s h i f t  o f  t h e  y a x i s ,  t h e  p o s i t i o n  o f  each p o i n t  can 
be  moved t o  t h e  o r i g i n  of a new c o o r d i n a t e  s y s t e m .  It i s  conven- 
ien t ;  t o  assume, t h e r e f o r e ,  t h a t  an a s y m p t o t i c a l l y  s t ab le  s i n g u l a r  
p o i n t  i s  l o c a t e d  a t  t h e  o r i g i n  and ,  w i t h o u t  l o s s  o f  g e n e r a l i t y ,  
t o  c o n s i d e r  t h e  problem o f  f i n d i n g  t h e  domain o f  a t t r a c t i o n  o f  
t h e  o r i g i n  [5] T h i s  assumpt'ion r e q u i r e s  t h a t  t h e  c o e f f i c i e n t  
aoo i n  ( 5 )  i s  z e r o ,  The o r i g i n  i s  also assumed to b e  a n  i s o l a t e d  
s i n g u l a r  p o i n t ,  i . e . ,  a t  l ea s t  one o f  t h e  o t h e r  c o e f f i c i e n t s  i n  
( 5 )  i s  n o t  z e r o .  . 
Restated, t h e  problem i s  t h e  f o l l o w i n g :  for a g i v e n  s y s t e m  
where (i) N(x,y) i s  a n  nth-order  po lynomia l  i n  x and  y, 
and (ii) 3 anO i s  nonzero ;  o b t a i n  a n  
approx ima t ion  t o  t h e  domain of a t t r a c t i o n  o f  t h e  o r i g i n ,  s a y  D, 
by a n o t h e r  domain e n t i r e l y  w i t h i n  D and a r b i t r a r i l y  c l o s e  to D. 
a t  l eas t  one alO, a209 b b *  
It i s  p e r t i n e n t  to r e c a l l  some c h a r a c t e r i s t i c s  o f  t h e  
s o l u t i o n  t o  ( 7 ) .  
Remark 1: The s a t i s f a c t i o n  o f  t h e  L i p s c h i t z  c o n d i t i o n  i n  a domain 
R of t h e  s t a t e  p l a n e  for ( 7 )  g u a r a n t e e s  the e x i s t e n c e  o f  a un ique  
3 
i 
s o l u t i o n  f o r  any i n i t i a l  s ta te  and t h e  n o n i n t e r s e c t i o n  o f  t r a j e c -  
t o r i e s  e x c e p t  a t  s i n g u l a r  p o i n t s .  Fur thermore ,  a l l  t r a j e c t o r i e s  
are d i r ec t ed  t o  t h e  r i g h t  i n  t h e  upper  h a l f  s ta te  p l a n e  and t o  
t h e  l e f t  i n  t h e  lower  h a l f  s ta te  p l a n e .  On t h e  x a x i s ,  t r a j e c -  
t o r i e s  are d i r e c t e d  p e r p e n d i c u l a r l y  up i f  N(x,O) > 0 and down i f  
N(x,O) < 0, I f  N(x,O) = 0, t h e  p o i n t  i s  a s i n g u l a r  p o i n t  by 
d e f i n i t i o n  
The f o l l o w i n g  theorem p r o v i d e s  a n e c e s s a r y  c o n d i t i o n  f o r  t h e  
n o n l i n e a r i t y  N(x,O) i n  ( 7 )  i f  t h e  o r i g i n  i s  a s y m p t o t i c a l l y  s tab le .  
Theorem 1: I f  t h e  o r i g i n  o f  ( 7 )  i s  a s y m p t o t i c a l l y  stable,  there  
e x i s t s  a n  E > 0 such  t h a t  
x N(x,O) < 9 ( 9 )  
Proof :  
such  t h a t  
Cons ide r  t h e  c o n t r a r y ,  t h a t  there i s  a 6l > 0 o r  a 6 2  > 0 
N(x,O) > 0 f o r  a l l  0 < x 2 61 
I 
1 N ( x , O )  < 0 f o r  a l l -62 2 x < 0 .  or 
\ ,  
For  ( l o ) ,  choose an  i n i t i a l  s ta te  
where 
The t r a j e c t o r y  e x t e n d s  from (11) i n t o  t h e  first q u a d r a n t  perpen-  
d i c u l a r  a t  t h e  x a x i s  and i s  t h e n  d i r e c t e d  t o  t h e  r i g h t  becoming 
more d i s t a n t  from t h e  o r i g i n .  For t h e  t r a j e c t o r y  t o  approach  t o  
t h e  o r i g i n  as t-tf-, i t  must n e c e s s a r i l y  e n t e r  t he  f o u r t h  q u a d r a n t .  
~ 
! 4 -  i 
I 
S i n c e ,  by ( L O ) ,  t h i s  cannot  o c c u r  
th rough  an i n t e r s e c t i o n  o f  t h e  seg- 
ment between t h e  o r i g i n  and ( 6 1 , 0 ) ,  
t h e  t r a j e c t o r y  must become more 
d i s t a n t  f rom t h e  o r i g i n  t h a n  
(tj1,0), int iependent  o f  t h e  magni- 
t u d e  of xo. 
pendence o f  xo, t h e  assumpt ion  of 
i s  c o n t r a d i c t e d .  The proof  i s  
similar 'if (10') i s  assumed. 
Ar 
Because o f  t h i s  inde-  
a sympto t i c  s t a b i l i t y  o f  t h e  o r i g i n  0 
Theorem 2 :  L e t  R be a c l o s e d ,  
s i m p l y  connec ted ,  bounded r e g i o n  
i n  t h e  s t a t e  p l a n e  o f  ( 7 ) .  I,f R 
does no t  i n c l u d e  any s i n g u l a r  
p o i n t ,  t h e n  a t r a j e c t o r y  o f  ( 7 )  
s t a r t i n g  from a p o i n t  i n  R must 
r e a c h  the boundary o f  R i n  f i n i t e .  
t i m e .  F i g u r e  1 
O u t l i n e  of t h e  p r o o f :  A t r a j e c t o r y  s t a r t i n g  from a p o i n t  i n  R 
can s t a y  i n  R, f o r  a l l  subsequent  t i m e  i f  and on ly  i f :  
(i) R i s  unbounded, or - 
( i i )  t h e  c l o s u r e  o f  R ,  i . e . ,  R , inc ludes  a s i n g u l a r  p o i n t ,  or - 
( i i i )  R comple te ly  i n c l u d e s  a l i m i t  c y c l e .  
The p o s s i b i l i t y  o f  ( i) o r  (ii) i s  den ied  by t h e  boundedness  and 
t h e  c l o s e d n e s s  o f  R r e s p e c t i v e l y .  The p o s s i b i l i t y  of  (iii) i s  
den ied  by t h e  s imple  connec tedness-and  c l o s e d n e s s ,  t h a t  i s ,  i f  
there  e x i s t s  a l i m i t  c y c l e  i n  R = R ,  t h e r e  must  e x i s t  a s i n g u l a r  
p o i n t  i n s i d e  t h e  l i m i t  c y c l e  [ S I  and i n  R.  Consequent ly  under  
t h e  assumpt ions  no t r a j e c t o r y  can s t a y  i n  R f o r  a l l  t i m e .  
I d e n t i f y i n g  f u n c t i o n :  
such  t h a t  
Cons ider  a set  o f  f u n c t i o n s  o f  c l a s s  C'l 
where K i s  a p a r a m e t e r .  Equa t ion  (13)  i s  a c o n t o u r  f i e l d  i n  t h e  
d 
I 
5 
s t a t e  p l a n e  o f  ( 7 ) .  Not ing  t h e  v a l u e  o f  t h e ' t i m e  d e r i v a t i v e  of 
(13)  under  ( 7 )  a t  some p o i n t  ( x  aJYa) is 
t h e  f o l l o w i n g  s t a t e m e n t s  are e v i d e n t .  
(i) If t h e  v a l u e  of ( 1 4 )  i s  p o s i t i v e ,  t h e  t r a j e c t o r y  a t  
(Xa,Ya ) i s  d i r e c t e d  s o  as t o  c l i m b  t h e  contour, toward  
i n c r e a s i n g  v a l u e s  o f  K o f  ( 1 3 ) .  
I f  t h e  v a l u e  o f  ( 1 4 )  i s  n e g a t i v e ,  t h e  t r a j e c t o r y  a t  
(xa,y,) i s  d i r e c t e d  so  as t o  descend  t h e  c o n t o u r ,  
toward d e c r e a s i n g  v a l u e s  o f  K o f  ( 1 3 ) .  
I f  t h e  v a l u e  o f  ( 1 4 )  i s  z e r o ,  t h e  t r a j e c t o r y  a t  (x,,ya) 
i s  t a n g e n t  to t h e  c o n t o u r .  
/ 
( i i )  
(iii) 
Equa t ion  ( 1 3 )  i s  c a l l e d  a n  i d e f i t i f y i n g  f u n c t i o n ,  
Remark 2 :  
a t t r a c t i o n  o f  t h e  o r i g i n .  Cons ider  a t r a j e c t o r y  T s t a r t i n c  from 
a p o i n t  (x l , y l )  such  t h a t  i t  r e a c h e s  ( x o , y o )  and t h e  t i m e  i n t e r v a l  
. f o r  t h i s  t r a n s i t i o n  o f  t h e  s o l u t i o n  i s  f i n i t e .  Then any p o i n t  on 
T ,  i n c l u d i n g  ( x l , y l ) ,  i s  a p o i n t  i n  t h e  domain o f  a t t r a c t i o n  due 
t o  t h e  un iqueness  o f  t h e  s o l u t i o n  and  t h e  d e f i n i t i o n  o f  a s y m p t o t i c  
s t a b i l i t y .  For t h i s  p u r p o s e ,  i t  i s  n e c e s s a r y  and s u f f i c i e n t  t h a t  
and t h a t  t h e  d i s t a n c e  between these  tyo p o i n t s  i s  f i n i t e  a l o n g  T.  
Suppose t h a t  ( x o , y o )  i s  a r e g u l a r  p o i n t  i n  a domain of  
T i n c l u d e s  no s i n g u l a r  p o i n t  between (x O ' Y O )  and (XpY&¶ and 
111, FUNDA?IENTAL THEOREPI 
Assume t h a t  R i s  a know s u b s e t  o f  D. 
Theorem 3: L e t  ( a )  L be a l i n e  seqment i n  R ,  ( b )  P be a t ra-  
j e c t o r y  n o t  n e c e s s a r y  w i t h i n  R such  t h a t  i t  reaches a Doin t  ( x o , y o )  
.' 6 
.;- 
on L ,  and  ( c )  h ( x , y )  = k be a n  i d e n t i f y i n g  f u n c t i o n  which i n t e r -  
s ec t s  b o t h  L and P a t  R and p ,  as 
i n  f i g u r e  2.  Assume a l l  d i . s t a n c e s  
between i n t e r s e c t i n g  p o i n t s  a l o n s  
each o f  t h e  segments  are f i n i t e .  . 
Denote t h e  domain su r rounded  b y .  
these  t h r e e  segments  p l u s  t h e  
boundary .as Ds, a c l o s e d  domain. 
Then ( i)  i f  L ( x , y )  unde r  ( 7 )  i s  
s i g n  d e f i n i t e  f o r  a l l  p o i n t s  on 
t h e  segment between p and R and 
i n c l u d i n g  p ,  and (ii) Ds does  n o t  
i n c l u d e  any s i n g u l a r  p o i n t ,  t h e n  
! 
D C D .  (15) 
S 
Proof :  By a s sumpt ion ,  Ds sa t i s -  
f i e s  t h e  c o n d i t i o n s  o f  Theorem 2 .  
Hence any t r a j e c t o r y  i n  DS must 
reach some boundary p o i n t  o f  Ds 
F i g u r e  2 
i n  a f i n i t e  t ime. But no tra- 
j e c t o r y  can l e a v e  Ds a t  a p o i n t  on P beti+Jeen p and ( x o , y o )  e x c e p t  
p o s s i b l y  a t  ( x o , y o ) .  
on t h e  i d e n t i f y i n g  f u n c t i o n  between R and p due to t h e  s i q n  
d e f i n i t e n e s s  of t h e  d e r i v a t i v e  o f  t h e  i d e n t i f y i n g  f u n c t i o n ,  Thus 
any t r a j e c t o r y  which i n c l u d e s  p o i n t s  i n  Ds must a l s o  i n c l u d e  a 
p o i n t  on t h e  segment L between R and ( x o , y o ) .  
i n  D ,  and from Remark 2 ,  Ds C D. 
Also no t r a j e c t o r y  can  l e a v e  Ds a t  a p o i n t  
A s  L i s  i n c l u d e d  
Cons ide r  a m o d i f i c a t i o n  o f  Theorem 3 for a s i m i l a r l y  d e f i n e d  
L and  h ( x , y )  = . k ,  L e t  D i  b e  d e f i n e d  as a domain su r rounded  by L 
and h ( x , y )  = k ,  and two t r a j e c t o r i e s  P1 and P2 s t a r t i n g  from d i f -  
f e r e n t  p o i n t s  p1 and p 2  on h ( x , y )  = k and r e a c h i n g  p o i n t s  R 1 and 
p 2  on L, .as shown i n  f i g u r e  3. 
s e c t i n g  p o i n t s  pl, p2 ,  R l  and R 2  a l o n g  e a c h  o f  t h e  segments  are 
assumed f i n i t e .  
A l l  d i s t a n c e s  between i n t e r -  
7 
Lemma: 
d e f i n i t e  a t  a l l  p o i n t s  on 
h ( x , y )  = k between p1 and p 2  
i n c l u d i n g  p1 and p2, and (ii) 
i f  D: does n o t  i n c l u d e  any 
( i )  If i ( x , y )  i s  s i g n  
s i n g u l a r  p o i n t ,  t h e n  
. 
Di C D. 
F i g u r e  3 
I V .  METHOD OF APPROXIMATING THE DOMAIN OF ATTRACTION 
Theorem 3 and t h e  Lemma can b e  used r o u t i n e l y  to develop  D 
. f o r  a g i v e n  s y s t e m  ( 7 ) .  The p r o c e s s  i s  descr ibed  as f i n d i n g  or 
-I cons t r u c t i n g  : 
1. a l i n e  segment L which i s  a s u b s e t  o f  D, 
2. a t r a j e c t o r y  P (or P1 and P,) to r e a c h  a p o i n t  on L ,  
3. an i d e n t i f y i n g  f u n c t i o n  h ( x , y )  = k t o  c o n s t r u c t  a domain 
Ds ( o r  DA); t h e n  
4 .  t h e  c o n d i t i o n  o f  Theorem 3 or t h e  Lemma i s  checked f o r  
D s C  D ( o r  D ~ C  D), 
and. t h e  p r o c e s s  i s  r e p e a t e d  f o r  a new Ds. 
It i s  n e c e s s a r y  f o r  t h e  n o n l i n e a r i t y  of  ( 7 )  t o  s t a t i s f y  t h e  con- 
d i t i o n  of Theorem 1; i f  t h i s  f a i l s ,  t h e  o r i g i n  cannot  b e  asymp- 
t o t i c a l l y  s tab le .  
Remark 3: To i d e n t i f y  a l i n e  segment L i n  D; i t  i s  s u f f i c i e n t  
t o  f i n d  a Liapunov f u n c t i o n  V(x ,y>  t o  p r o v e  t h e  a s y m p t o t i c  
s t a b i l i t y  of  t h e  o r i g i n ,  * T h i s  d e f i n e s  a r e g i o n  R 
( a  > 0 :  c o n s t ) ,  
. 
where V i s  n e g a t i v e  d e f i n i t e .  Def ine  
Then L v C  D 
and can be  used  i n i t i a l l y  as a segment L ,  
s i m p l i f i e s  l a t e r  c a l c u l a t i o n s ,  as a l l  t r a j e c t o r i e s  r e a c h  L, from 
t h e  e x t e r n a l  s i d e . o f  Q. 
Using L, for L a l s o  
To f i n d  V(x ,y> ,  any of t h e  many suggested c o n s t r u c t i o n  
methods f o r  a n  autonomous s y s t e m  can  b e  employed, F o r  machine 
. computa t ion ,  Rodden's method [3],  based on a Zubov theorem,  may 
be used  if n e c e s s a r y .  A s  Q i s  on ly  r e q u i r e d  t o  i n i t i a t e  t h e  pro-  
c e d u r e ,  t h e  magnitude o f  R i s  o f  l i t t l e  consequence.  
4 
Remark 4 :  
p o i n t  
i s  a p p r o p r i a t e ,  The r e v e r s e  t i m e  s y s t e m  o f  ( 7 )  i s  d e f i n e d  by 
R e l a t i v e  t o  s t e p  2 ,  f i n d i n g  a t r a j e c t o r y  t o  r e a c h  a 
on Lv, a r e v e r s e  t i m e  t r a j e ' c t o r y  from some p o i n t  on L, 
Remark 5:  S imple  i d e n t i f y i n g  f u n c t i o n s  are wor th  c o n s i d e r i n g .  
Observe t h e  c a s e s  when 
Y 
h l ( x , y )  = x = k ,  a c o n s t a n t ,  
I 
9 
and h2(X,Y) = y = 0 .  
From ( 7 )  and Remark 1, ( 1 9 )  becomes 
. 
= x = y > 0 i n  the  uppe r  h a l f  p l a n e ,  ( 2 1 )  
( 2 1 ' )  I 
I 
and < 0 '  i n  t h e  lower  half  p l a n e .  
T 
A l t e r n a t e l y  ( 2 0 )  i s  
which i s  s i g n  d e f i n i t e  on each  segment o f  t h e  x a x i s  between 
s i n g u l a r  p o i n t s .  I f  t h e  o r i g i n  i s  a s y m p t o t i c a l l y  s t a b l e ,  ( 2 2 )  i s  
n e g a t i v e  on t h e  x . a x i s  between t h e  o r i g i n  and t h e  n e a r e s t  s i n g u l a r  
p o i n t  to t h e  r i g h t  and p g s i t i v e  on t h e  x a x i s  between t h e  o r i g i n  
and t h e  n e a r e s t  s i n g u l a r  p o i n t  to t h e  l e f t  (Theorem 1). T h e r e f o r e  
t h e  e x i s t e n c e  o f  a p p r o p r i a t e  i den -  
. t i f y i n g  f u n c t i o n s  such  as (19) or 
( 2 0 )  i s  s u f f i c i e n t  to s a t i s f y  par t  
o f  t h e  c o n d i t i o n s  o f  Theorem 3 on 
t h e  domain Ds C l  D. 
To s y s t e m a t i c a l l y  c o n s t r u c t  
domains Ds u s i n g  i d e n t i f y i n g  
f u n c t i o n s  (19) and ( 2 0 ) ,  suppose  
a 61 and L have  been  found as 
shown i n  f i g u r e  4 .  Def ine  i n  
t h i s  f i g u r e  
Co:  t h e  i n t e r s e c t i o n  between 
L and t h e  x a x i s  i n  t h e  r i g h t  
.. 1' . 
V 
L 
X 
V 
ha l f  p l a n e .  
qo:  t h e  i n t e r s e c t i o n  between 
Lv and t h e  x a x i s  i n  t h e  l e f t  
h a l f  p l a n e .  
A s  R i s  a s u b s e t  o f  D,  i t  cannot  
i n c l u d e  any s i n g u l a r  p o i n t ,  e x c e p t  
10 
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t h e  o r i g i n .  By Theorem 1, 
N(x,O) < 0 f o r  a l l  x between t h e  o r i g i n  and Co ,  ( 2 3 )  
N(x,O) > 0 f o r  a l l  x between t h e  o r i g i n  and  qo. (23' 1 
(1) Cons ide r  a r e v e r s e d  t i m e  t r a j e c t o r y  TI from Co.  T1 
n e c e s s a r i l y  becomes more n e g a t i v e  t h a n  qo i n  t h e  uppe r  h a l f  p l a n e ,  
by ( 2 3 )  and  Remark 1. A s  shown i n  
f i g u r e  5 ,  d e f i n e  Dt,as t h e - d o m a i n  
r 
su r rounded  by L v' x = k < 90, 
and t h e  x a x i s  between qo  and  t' 
( k , O ) ,  where k i s  o t h e r w i s e  an  
a r b i t r a r y  v a l u e .  I f  t h e r e  
e x i s t s  no s i n g u l a r  p o i n t  between 
q o  and (k,O) on t h e  x a x i s ,  t h e n  
Theorem 3 i n s u r e s  
( 2 )  A s  l o n g  as t h e  r e v e r s e  
t i m e  t r a j e c t o r y  T1 remains  i n  t h e  
uppe r  h a l f  p l a n e ,  t h e  domain DS 1 F i g u r e  5 
can b e  ex tended  u n t i l  a s i n g u l a r  
p o i n t  a p p e a r s  between qo and 
(k ,O) .  
.Then t h e  domain su r rounded  by Lv, T1, x = a1 + elland t h e  x a x i s  
between qo  and (a1 + E: 
small p o s i t i v e  v a l u e .  I n  t h e  v i c i n t t y  o f  t h e  s i n g u l a r  p o i n t  
( a , O ) ,  these  o c c u r  two p o s s i b l e  i n i t i a l  s t a t e s  of r e v e r s e  t i m e  
t r a j e c t o r i e s  o f  a new subdomain of D. 
and (al + E , O ) ,  where 6 1 1- 
Assume such  a s i n g u l a r  p o i n t  at (al,O), as i n  f i g u r e  6.  
0 )  can be  i d e n t i f i e d  as Ds3 where c l  i's a 1' 
These a re  (al f E ~ ,  6 )  
i s  d e f i n e d  i n  t h e  f o l l o w i n g .  
( 3 )  Cons ide r  a second reverse t i m e  t r a j e c t o r y  T2 ,  s t a r t i n g  
from (al + c l , d l ) ,  as shown i n  f i g u r e  6 .  C a l l  t h e  f i rs t  i n t e r -  
.,> - 11 
I I 
’ F i g u r e  6 
s e c t i o n  o f  T, and t h e  x a x i s  a,  ( i f  it e x i s t s )  and  assume t h e  _... 
L - L  
n e a r e s t  s i n g u l a r  p o i n t  t o  t h e  l e f t  o f  q 2  t o  b e  a t  ( c t i , O ) .  I f  T1 
remains  i n  t h e  upper  h a l f  p l a n e  above t h e  s i n g u l a r  p o i n t  (ai,O) , 
c o n s i d e r  t h e  domain D,’ as t h a t  su r rounded  b y  T1, T2, x = ctl + c l ,  
t h e  segment o f  t h e  x a x i s  between q 2  and ( a i  + E i , O )  and 
x = a + ci,  where ci i s  an  a r b i t r a r y  small p o s i t i v e  v a l u e .  S i n c e  
by  assumpt ion  t h e r e  e x i s t s  no  s i n g u l a r  p o i n t  on t h e  x a x i s  between 
4 
i 
‘ q 2  and (a i  + c i , 0 ) ,  = N(x,O) on t h e  x a x i s  between (a; -k Ei. ,O) i 
and  q 2  is s i g n  d e f i n i t e  and t h e  Lemma i n s u r e s  
2 n r n  
n 
If a ve ry  small  v a l u e  i s  chosen  f o r  ”, e .g . ,  6 s  as i n  f i g u r e  6 ,  
t h e  r e v e r s e  t i m e  t r a j e c t o r y  T2 from ( a ,  + E ~ ,  6 ) may e n t e r  t h e  
I 
12 
lower  h a l f  p l a n e  w i t h o u t  p a s s i n g  o v e r  t h e  s i n g u l a r  p o i n t  (a l ,O) .  
Then t h e  c o n s t r u c t i o n  o f  a new subdomain of  D u s i n g  T 1 w i l l  f a i l  
i n  t h e  uppe r  h a l f  p l a n e .  
t h e  r e v e r s e  t i m e  t r a j e c t o r y  T2 p a s s e s  o v e r  t h e  s i n g u l a r  p o i n t  
and be a lower-bound p o s i t i v e  v a l u e  s a t i s f y i n g  t h i s  r e s t r i c t i o n .  
T h e r e f o r e ,  61 must be  chosen so t h a t  
I f ,  . a d d i t i o n a l l y ,  T1 i n t e r s e c t s  t h e  x a x i s  a t  q as i n  
3’ 2 f i g u r e  7 ,  and no s i n g u l a r  p o i n t  e x i s t s  between q 2  and q 3’ D, i s  
reduced  t o  t h e  domain su r rounded  by T1, T2, x = al + c l ,  and t h e  
segment of t h e  x a x i s  between q2 and q 3 ,  
upper  h a l f  p l a n e  f o r e v e r ,  Ds can  be i d e n t i f i e d  as a n  i n f i n i t e  
s t r i p  p a r t i a l l y  sur , rounded by T1, T2 and x = cil + c13 as shown 
i n  f i g u r e  8. 
I f  T2 s t a y s  i n  t h e  
2 
( 4 )  For a r e v e r s e  t i m e  t r a j e c t o r y  which s ta r t s  from 
(a1 + c l ,  0 )  and i s  d i r e c t e d  t o  t h e  r i g h t  i n  t h e  lower  h a l f  p l a n e ,  
as shown i n  f i g u r e  6 as T arguments  similar t o  t h o s e  c o n s i d e r e d  
3 i n  ( l ) - ( 3 )  can  be a p p l i e d .  Let  Ds be the domain su r rounded  by 
3’ 
t h e  segments  of t h e  x a x i s - b e t w e e n  (al 4- E ~ , O )  and q o ,  and 
1 
I (B1,O) i s  
T3 ’ 
between Co and ( 6 ,  - c1 ,Q) ,  Lv and  x = B1 - 
assumed t o  b e  t h e  n e a r e s t  s i n g u l a r  p o i n t  t o  t h e  r i g h t  o f  t h e  
o r i g i n  and cl i s  a small a r b i t r a r y  p o s i t i v e  v a l u e .  Then t h e  
Lem;na i n s u r e s  
1 
There o c c u r  two p o s s i b l e  i n i t i a l .  s ta tes  f o r  r e v e r s e  t i m e  
i n  t h e  v i c i n i t y  o f  t h e  s i n g u l a r  p o i n t ,  t r a j e c t o r i e s  T 4  and T 
t h a t  T5 p a s s e s  below (B1,O) f o r  t h e  same r e a s o n  g i v e n  f o r  T2 i n  
i t e m  (31.. 
t 1 5 1 1 
. i . e . ,  ( f i l  - cl ,  -d1) and ( B 1  - ~ ~ ’ 0 ) .  61 i s  a small p o s i t i v e  s o  
( 5 )  I f  T1 i n  f i g u r e  5 e n t e r s  t h e  t h i r d  q u a d r a n t  a t  p o i n t  
(ql ,O),  as shown i n  f i g u r e  9 ,  w i t h  no s i n g u l a r  p o i n t  between 
(ql,O) and t h e  o r i g i n ,  t h e n  Ds i s  t h e  domain su r rounded  by Lv, 
T1 and t h e  segment of t h e  x axis  between qo  and ql, and Ds c D .  
1 
1 
;> - 1 3  
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C o n t i n u i n g  these  s t e p s  (1)- 
( 5 ) ,  based on any known subdomain 
of D ,  new subdomains o f  D can be 
s e q u e n t i a l l y  deve loped ,  Note 
t h a t  c o n s t r u c t e d  subdomains 
u s i n g  r e v e r s e  t i m e  t r a j e c t o r i e s  . 
can i n c l u d e  no  s i n g u l a r  p o i n t s . .  
It i s  t h i s  c h a r a c t e r i s t i c  com- 
b i n e d  wit.h t h e  i d e n t i f y i n g  
f u n c t i o n s  (19) and ( 2 0 )  t h a t  
e s s e n t i a l l y  s i m p l i f y  t h e  f o r e -  
g o i n g  p r o c e d u r e  f o r  t h e  machine 
computa t ion  descr ibed i n  t h e  
n e x t  s e c t i o n .  Y 
V. a MACHINE COMPUTATION 
F i g u r e  9 
The s t e p s  g i v e n  i n  t h e  l a s t  s e c t i o n  can b e  programmed f o r  
machine computa t ion  and t h e  d i r e c t  p l o t t i n g  o f  a n  approx ima t ion  
t o  t h e  domain of  a t t r a c t i o n .  I n i t i a l l y  i t  i s  n e c e s s a r y  to check 
t h e  c o n d i t i o n  of Theorem 1 and de te rmine  a known segment i n  D ,  
e . g . ,  a Liapunov f u n c t i o n  as s ta ted .  For a machine program it  i s  
s u f f i c i e n t  to c a l c u l a t e  and p l o t  r e v e r s e  t ime t r a j e c t o r i e s  to 
approximate  D from se l ec t ed  i n i t i a l  s t a t e s .  The approximated  
domain i s  t h e n  i d e n t i f i e d  v i s u a l l y ,  r e f e r r i n g  to t h e  c o n s i d e r a -  
t i o n s  of t h e  p r e v i o u s  s e c t i o n .  A program has been  assembled t o  
s e q u e n t i a l l y :  (C, )  c a l c u l a t e  r e v e r s e  t i m e  t r a j e c t o r i e s  from 
se lec ted  i n i t i a l  s t a t e s ,  ( C , )  d eve lop  i n l t i a l  c o n d i t i o n s  f o r  
a d d i t i o n a l  t r a j e c t o r i e s  and ( C  ) end when a l l  r e l e v a n t  t r a j ec -  3 
t o r i e s  are c a l c u l a t e d .  It i s  n e c e s s a r y  to l o c a t e  s i n g u l a r  p o i n t s  
o f  s y s t e m  ( 7 ) .  These  e x i s t  on t h e  x ax is  w i t h  x c o o r d i n a t e s  
which are t h e  r e a l  roots of 
7 
* N ( x , O ) ' =  0 .  ( 2 4 )  
Any s t a n d a r d  method can  b e  a p p l i e d  to s o l v e  t h i s  e q u a t i o n .  I n  
. -  
t h e  program which f o l l o w s ,  a l l  s i n g u l a r  p o i n t s  are assumed t o  b e  
i d e n t i f i e d  f o r  t h e  comput.ation and i n s e r t e d  as data i n p u t .  The 
.flow c h a r t  o f  t h e  program appears i n  f i g u r e  1 0 .  
For (C,), t h e  Runge-Kutta method was used  t o  s o l v e  the\ time 
r e v e r s e d  t r a j e c t o r i e s  approximated  by c o n n e c t i n g  segments  of  
i n f i n i t e s i m a l  t i m e  i n t e r v a l s ,  End p o i n t s  of a segment ,  s a y  
(x,,yn) f o r  t = tn and ( X ~ + , , Y , + ~ )  f o r  t = tn + A t ,  are re la ted 
- C71 as , . I  
I 
( L  + 2LI + 2L2 + L 3 ) ,  Y n + F  o 
where 
K 2  = - A t  * (yn + T )  L1 
K1 L2 = - A t  * N(xn + 7, y, + 7 
L3 = - A t  N(xn + K 2 ,  yn + L 2 ) .  
Each p o i n t  (xn9yn  
subsequen t  machine p l o t t i n g .  
a l o n g  t h e  t r a j e c t o r i e s  are punched o u t  f o r  
16 
SET I N I T I A L  S T A T E  
F O R  R E V E R S E  
TIME T R A J E C T O R Y  
T R A J E C T O R Y  
I N I T I A L  S T A T E  ~ 
E N D  C A L C U L A T I O N  - 
COMPLETED SUBDOMAIN 
C A L C U L A T I O N  - 
A T I O N  ABOUT 
GULAR P O I N T  
E N D  C A L C U L A T I O N  - 
T R A J E C T O R Y  E X C E E D S  
S E A R C H  R E G I O N  
N D  C A L C U L A T I O N  - 
S M A L L  MOTION 
I N I T I A L  S T A T E S  
E X H A U S T E D  
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For ( C , ) ,  t h e  i n i t i a l  s t a t e  f o r  t h e  f i rs t  r e v e r s e  t i m e  t ra- 
I 
j e e t  o ry  i s  p r e d e t e r m i n e d  as a p o i n t  on Lv. I n i t i a l  s ta tes  f o r  
o t h e r  t r a j e c t o r i e s  depend upon su l j sequent  r e s u l t s  b u t  e x i s t  o n l y  
i n  t h e  v i c i n i t y  o f  s i n g u l a r  p o i n t s .  G e n e r a l l y ,  f o r  a s i n g u l a r  
p o i n t  t o  t h e  immediate l e f t  o f  a subdomain boundary i n  t h e  uppe r  
h a l f  p l a n e ,  as (a,O) i n  f i g u r e  6 ,  two p o s s i b l e  i n i t i a l  s ta tes  
e x i s t ,  ( a  1- E , O )  and ( a  + & , a ) .  E i s  a n  a r b i t r a r y  small p o s i t i v e  
number and  6 i s  t h e  lower-bound p o s i t i v e  v a l u e  s o  t h a t  t h e  re-  
v e r s e  t i m e  t r a j e c t o r y  from ( a  f E , & )  passes above ( a , O ) .  Alter- 
n a t e l y ,  a b o u t  a s i n g u l a r  p o i n t  (a,O) t o  t h e  r i g h t  of a subdomain 
boundary i n  t h e  lower  ha l f  p l a n e ,  as (a,O) i n  f i g u r e  6 ,  ( a  - E , O )  
and ( a  - ~ , - 6 )  are p o s s i b l e  i n i t i a l  s ta tes  o f  r e v e r s e  t i m e  t ra- 
j e c t o r i e s  which pass b e l o w - ( a , O ) .  I f  a new p o s s i b l e  i n i t i a l  
s t a t e  is  found d u r i n g  t h e  c a l c u l a t i o n  from a t r a j e c t o r y  p a s s i n g  
o v e r  o r  unde r  a s i n g u l a r  p o i n t ,  t h i s  i n i t i a l  s t a t e  i s  s t o r e d  f o r  
t h e  l a te r  c a l c u l a t i o n s .  For conven ience ,  a t  t he  b e g i n n i n g  o f  a 
reverse t i m e  t r a j e c t o r y  c a l c u l a t i o n ,  an  i d e n t i f y i n g  t r a j e c t o r y  
number and t h e  c o r r e s p o n d i n g . i n i t i a 1  s t a t e  are p r i n t e d  o u t ,  
The c a l c u l a t i o n  o f  e a c h  t r a j e c t o r y  i s  s t o p p e d  when 
(i) i t  i s  extend.ed s o  as t o  e s t a b l i s h  a subdomain of  D, 
c o o r d i n a t e s ,  
(ii) it i s  e x t e n d e d  t o  a p r e s e l e c t e d  l i m i t  v a l u e  of t h e  
(iii) it r o t a t e s  many times abou t  a s i n g u l a r  p o i n t  i n d i c a t i n g  
a n  approach  t o  a l i m i t  c y c l e ,  o r  
( i v )  i t s  e x t e n s i o n  becomes i n f i n i t e s i m a l  as it  approaches  a 
s i n g u l a r  p o i n t .  
F o r  (ii),  t h e  c a l c u l a t i o n  i s  s t o p p e d  when t h e  t r a j e c t o r y  r e a c h e s  
t h e  l i m i t s  o f  t h e  r e g i o n  
where P i s  chosen  a r b i t r a r i l y  b u t  s o  t h a t  x = f P  are n o t  
p o i n t s .  When t h e  computa t ion  o f  a t r a j e c t o r y  i s  s t o p p e d  f o r  ex- 
c e e d i n g  t h i s  l i m i t ,  t h e  s t a t e m e n t  "CHANGE OF TRAJECTORY DUE TO 
EXCESS VALUE OF X" i s  p r i n t e d  o u t ,  For  (iii), t h e  number of  
changes of  s i g n  f o r  y i s  coun ted  a l o n g  each r e v e r s e  t i m e  t r a j ec -  
t o r y  and i s  p r i n t e d  o u t  as "NO. OF ROTATIONS * T r ' .  
s i n g u l a r  
1 When t h i s  
number exceeds a p r e s e t  v a l u e ,  t h e  c a l c u l a t i o n  i s  s t o p p e d  and t h e  
s t a t e m e n t  "CHANGE OF TRAJECTORY DUE TO EXCESS ROTATION" i s  p r i n t e d  
o u t .  For  ( i v ) ,  t h e  amount 
s i s  accumula ted  a l o n g  t h e  t r a j e c t o r y  and i f  t h e  a v e r a g e  v a l u e  o f  
t h e  maximum changes becomes 
where SK i s  a p r e d e t e r m i n e d  v a l u e ,  t h e  c a l c u l a t i o n  i s  s t o p p e d  
and  t h e  s t a t e m e n t  "CHANGE O F s T R A J E C T O R Y  DUE TO STEADY STATE" i s  
p r i n t e d  o u t ,  
When t h e  p o s s i b l e  i n i t i a l  s t a t e s  for r e v e r s e  t i m e  t r a j e c t o r i e s  
are e x h a u s t e d  i n  t h e  r e g i o n  i n d i c a t e d  by ( 2 7 )  and t h e  l a s t  t ra-  
j e c t o r y  i s  t e r m i n a t e d , - t h e  e n t i r e  computa t ion  i s  comple te .  
The F o r t r a n  program assembled for t h i s  computa t ion  and  .used 
f o r  t h e  examples o f  t h e  n e x t  s e c t i o n  i s  l i s t e d  i n  t h e  Appendix. 
t h e  l a t t e r  t h e n  used  for a s t a n d a r d  p l o t t i n g  r o u t i n e  for a 
* The o u t p u t  o f  t h e  c a l c u l a t i o n  i s  b o t h  p r i n t e d  and punched o u t ,  
. g r a p h i c a l  r e s u l t .  
Lz 
V I  EXAMPLES 
\ 
Three examples  d e m o n s t r a t e  t h e  method and i l l u s t r a t e  numer- 
i c a l l y  c a l c u l a t e d  domains o f  a t t r a c t i o n .  The i d e n t i f y i n g  func- 
t i o n s  used  were 
x = If ( 1 9 )  
and , y  = 0 .  ( 2 0 )  
The r e g i o n  for t h e  s e a r c h  was a r b i t r a r i l y  r e s t r i c t e d  to t h e  
x c o o r d i n a t e ,  If a r e v e r s e  t i m e  t r a j e c t o r y  r o t a t e d  more t h a n  f o u r  
18  
times around t h e  o r i g i n ,  t h e  c a l c u l a t i o n  w a s ' a r r a n g e d  t o  end ,  
a n t i c i p a t i n g  a l i m i t  c y c l e .  A t  was assumed t o  be 0.01. 
Example 1: The s y s t e m  i s  g i v e n  as 
I 
% 
( i i )  
(iii) 
AS 
x N ( x , O )  = -X 2 
t h e  c o n d i t i o n  of  Theorem 1 i s  s a t i s f i e d .  
A s i n g u l a r  p o i n t  ex is t ' s  a t  t h e  o r i g i n .  
Assume 
t y2 . W x , y )  = x 2 
and t h e  t i m e  d e r i v a t i v e  unde r  ( 2 9 )  i s  
& , y )  = 2x; t ZyI; = -4y 2 ( 3  - y 2 ) .  
T h e r e f o r e  
On t h e  x a x i s ,  
x = o  1 :  y = -x 
and any t r a j e c t o r y  t e r m i n a t e s  a t  t h e  o r i g i n .  
i t  i s  p o s s i b l e  t o  choose Lv as 
From ( 3 0 ) ,  
2 2 x + y2  = (1.5) 
which i s  comple t e ly  i n c l u d e d  i n  D .  
The computed r e s u l t  i s  shown i n  f i g u r e  11. S t a r t i n g  from 
(1.5,O) t h e  c a l c u l a t i o n  s t o p p e d  a f t e r  t h e  r e v e r s e  t i m e  t r a j e c t o r y  
I 
. .  
19 
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I 
I 
r o t a t e d  f o u r  times a round  t h e  o r i g i n .  Thus t h e r e  e x i s t s  a l i m i t  
cyc l e  a round t h e  o r i g i n  and t h e  domain i n s i d e  t h e  l i m i t  c y c l e  i s  
r e c o g n i z e d  as t h e  domain o f  a t t r a c t i o n .  For t h i s  example,  t h e  
p r o c e d u r e  does  no more, i n ’ e f f e c t ,  t h a n  d e t e r m i n e  t h e  domain o f  
a t t r a c t i o n  by p l o t t i n g  a r e v e r s e  t r a j e c t o r y .  
Exam6le 2 :  The s y s t e m  i s  g i v e n  as 
( i i )  
(iii) 
As 
L x N(x,O) = -X (1 t $x), 
t h e  c o n d i t i o n  of Theorem 1 i s  s a t i s f i e d ,  f o r  example,  i n  
1x1 < 0.125.  
A s i n g u l a r  p o i n t  e x i s t s  a t  t h e  o r i g i n  and x = -4 .  
4 where t h e  l a s t  t e r m  i s  i n c l u d e d  to 
. i n s u r e  ? n e g a t i v e  d e f i n i t e .  A 
rough s k e t c h  of c o n t o u r s  o f  ( 3 2 )  
i s  shown i n  f i g u r e  1 2 .  For V < - 
t h e y  become c o n c e n t r i c  c l o s e d  
c u r v e s  a round the  o r i g i n .  The 
t i m e  d e r i v a t i v e  unde r  ( 3 1 )  i s  
16 
3 
From (31), no s o l u t i o n  t e r m i n a t e s  
on the x a x i s  e x c e p t  a t  t h e  s ingu-  
lar p o i n t s .  Thus ( 3 2 )  i s  a 
Liapunov f u n c t i o n  p r o v i n g  asymp- 
t o t i c a l  s t a b i l i t y  o f  the‘  o r i g i n  
[l]. Choose Lv somewhat arbi- 
t r a r i l y  as 
A s  s ume 
F i g u r e  1 2  
;i 2 1  
2 3 2 2 x  x 4- y 3. = (0.3') , 
which i s  comple t e ly  i n c l u d e d  i n  D. 
The r e s u l t  of a machine computa t ion  i s  shown i n  f i g u r e  13. 
The f i r s t  r e v e r s e  t i m e  t r a j e c t o r y ,  T1, i s  s t a r t e d  from (-0.3,O). 
After  t h i s  t r a j e c t o r y  passes o v e r  t h e  s i n g u l a r  p o i n t  a t  (-4,0), 
t h e  second t r a j e c t o r y ,  T 2 $  i s  s t a r t e d  from (-4+~,0). 
a t t a i n s  t h e  p r e s e t  maximum v a l u e  of  x, t h e  t h i r d  t r a j e c t o r y ,  T3, 
i s  s tar ted from (-4+~,6). 
v i c i n i t y  of ( -4 ,O)  i s  shown i n  f i g u r e  14. F i n a l l y  t h e  r e g i o n  
su r rounded  b y  T2$ T3, x = -4tr and x = -10.0 i s  r e c o g n i z e d  to b e  
a s u b s e t  of D. 
* I When T2 
A m a g n i f i c a t i o n  of  T2 and T i n  t h e  3 
For  compar ison ,  f i g u r e  15 shows a s e t  of t r a j e c t o r i e s  o f  (31 )  
c a l c u l a t e d  from t h e  t i m e  r e v e r s e d  s y s t e m  w i t h  a r b i t r a r y  s e l e c t e d  
i n i . t i a 1  s ta tes  of 
A s  an  approx ima t ion  t o  t h e  domain o f  a t t r a c t i o n  e v i d e n t l y  cannot  
. b e  found by s t r a i g h t - f o r w a r d  c a l c u l a t i o n s  of  r e v e r s e  t i m e  tra- 
j e c t o r i e s  i n  t h i s  example,  t h e  e f f i c i e n c y  of t h i s  p r o c e d u r e  i s  
n o t i c e a b l e .  F i g u r e  1 6  i s  t h e  union  o f  f i g u r e s  1 3  and 15, 
Example 3: Given 
y = -4x - 7 y  1 3. $X 1 3  * I '  
. .  
t h e  c o n d i t i o n  of Theorem 1 . i s  s a t i s f i e d ,  e . g . ,  i f  1x1 < 1. - 
I 
22 
I 
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Figure 13 
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(ii) S i n g u l a r  p o i n t s  are a t  x = 4,0,-4. 
(iii) Assume 
2 1 4  V(x,y> = x + $- - -x * / 32 (34) 
A rough s k e t c h  o f  c o n t o u r s  o f  ( 3 4 )  i s  shown i n  f i g u r e  17 .  Fo r  
V < 6 ,  these are c l o s e d  c u r v e s  a round t h e  o r i g i n .  The d e r i v a t i v e  
unde r  ( 3 3 )  i s  
From ( 3 3 ) ,  no  s o l u t i o n  t r a j e c t o r i  
t e r m i n a t e s  on t h e  x a x i s  e x c e p t  a t  
t h e  s i n g u l a r  p o i n t s .  T h e r e f o r e  
( 3 4 )  i s  a Liapunov f u n c t i o n  prov- 
i n g  a s y m p t o t i c  s t a b i l i t y  of t h e  
o r i g i n  [l], Choose Lv f o r  con- , 
v e n i e n c e  as 
1 4 - 3 1  
32 32' 
2 x 2 Y  + T - - - x  - -  F i g u r e  1 7  
which i s  comple t e ly  i n c l u d e d  i n  D ,  
The r e s u l t  of t h e  computa t ion  i s  shown i n  f i g u r e  1 8 ,  The 
f i rs t  r e v e r s e  t i m e  t r a j e c t o r y ,  T 1 , i s  s t a r t e d  on Lv a t  (-1.0,O). 
Afte r  TI p a s s e s  unde r  t h e  s i n g u l a r  p o i n t  a t  (4,0), t h e  second 
t r a j e c t o r y ,  T2, i s  computed from (4-~,0). 
passes o v e r  t h e  s i n g u l a r  p o i n t  at  ( - 4 , O ) .  
i s  s t a r t e d  a t ( 7 ~ - I S c , 0 )  p r e s e t  maximum, t h e  t h i r d  t r a j e c t o r y ,  
and  l ikewise  t e r m i n a t e s  a t  a maximum va.lue o f  x. The f o u r t h  and 
f i f t h  t r a j e c t o r i e s  are s t a r t e d  a t  (-4+~,6) and (4-~,-6) r e s p e c -  
t i v e l y .  F i n a l l y ,  t h e  domain su r rounded  by T2 - T5, x = 4 - ~ ,  
x = - 4 - t ~  and x = +8 - i s  s e e n  to b e  a s u b s e t  o f  D. 
S u b s e q u e n t l y ,  T2 
When T2 a t t a i n s  a 
T3 9 
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CONCLUSION 
ng a n  approx ima t ion  t o . t h e  domain 
o f  a t t r a c t i o n  o f  a g e n e r a l  c l a s s  o f  n o n l i n e a r  d i f f e r e n t i a l  equa- 
t i o n s  ( 7 )  has been  shown t o  b e  e f f e c t i v e  and e f f i c i e n t ,  and 
a d a p t a b l e  t o  machine ass is ted computa t ion .  T h i s  i s  i l l u s t r a t e d  
by examples  r e p r e s e n t i n g  th ree  t y p e s  o f  domains o f  a t t r a c t i o n .  
The c l o s e n e s s  o f  t h e  approx ima t ion  t o  t h e  domain of a t t rac-  
* t i o n  can be improved b y  choos ing  i n i t i a l  v a l u e s  f o r  r e v e r s e  t i m e  
t r a j e c t o r i e s  n e a r e r  t o  t h e  s i n g u l a r  p o i n t s .  T h i s  s h o u l d  be  done 
w i t h  d i s c r e t i o n ,  however, as t h e  a p p r o x i m a t i n g  domain can  exceed  
t h e  domain o f  a t t r a c t i o n  from accumula ted  e r r o r s  i n  t h e  t r a j e c t o r y  
computa t ion ,  f o r  a s p e c i f i c  c h o i c e  o f  A t .  
I 
While t h e  d i f f e r e n t i a l  e q u a t i o n s  c o n s i d e r e d  r e p r e s e n t  a 
l i m i t e d  class o f  s econd  o r d e r  e q u a t i o n s ,  i . e . ,  w i t h  t h e  n o n l i n -  
e a r i t y  g i v e n  as a f i n i t e  o r d e r  po lynomia l ,  it i s  e x p e c t e d  t h a t  
t h e  p r o c e d u r e  can  be g e n e r a l i z e d  somewhat. For o t h e r  n o n l i n e a r -  
i t i e s ,  t h e  search f o r  domains would have t o  b e  r e s t r i c t e d  t o  t h e  
r e g i o n s  where t h e  un iqueness  o f  t h e  s o l u t i o n  i s  g u a r a n t e e d  w i t h  
$he  o r i g i n  as an  i s o l a t e d  s i n g u l a r  p o i n t .  The more g e n e r a l ,  
second o r d e r  s y s t e m  
c o u l d  s i m i l a r l y  be  c o n s i d e r e d ;  however,, t h e  computa t ion  would 
become more compl i ca t ed  for singular p o i n t  i d e n t i f i c a t i o n  as t h e  
l o c a t i o n s  o f  s i n g u l a r  p o i n t s  are  nd l o n g e r  g u a r a n t e e d  on t h e  x 
a x i s .  E x t e n s i o n s  to h i g h e r  order n o n l i n e a r  e q u a t i o n s  are  l i m i t e d  
i n  p a r t  by problems o f  r e p r e s e n t a t i o n .  
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APPENDIX 
An 1BP.I 3 6 0 / 5 O  was used  f o r  t h e  computa t ion  descr ibed  f o r  t h e  
examples .  The program, c o n s t r u c t e d  a c c o r d i n g  to t h e  f low char t  
i n  f i g u r e  11, i s  l i s t e d  s t a r t i n g  on page  33. 
D: 
E: 
H :  
P :  
SK: 
The data s t a t e m e n t  r e q u i r e s  
a sm'all p o s i t i v e  number f o r  t h e  t r i a l  v a l u e  of  6 i n  t h e  
v i c i n i t y  o f  a s i n g u l a r  p o i n t ,  A s  s ta ted i n  i t e m  ( 3 )  o f  
S e c t i o n  I V ,  t h e  r e v e r s e  t i m e  t r a j e c t o r y  from (a-~,6) 
[ o r  (a+r,-6)1 must p a s s  o v e r  (or below) t h e  s i n g u l a r  p o i n t  
( a , O ) .  To f i n d  t h e  v a l u e  o f  6 f o r  e a c h  t r a j e c t o r y ,  a t r i a l  
computa t ion  o f  a r e v e r s e  time t r a j e c t o r y  i s  made from 
(a-&,D) [or (~+E,-D)] f o r  200 A t  segments ,  I f  t h e  r e q u i r e -  
ment f o r  t h e  t r a j e c t o r y  canno t  be  s a t i s f i e d ,  a n o t h e r  t r i a l  
computa t ion  i s  s t a r t ed  from (a-~,2D) [ o r  (a+E,-2D)]. The 
t r i a l  t r a j e c t o r y  computa t ions  are c o n t i n u e d  s e q u e n t i a l l y  
from (ct-~,kD) [or (af~,-kD)] f o r  200 A t  segments  u n t i l  t h e  
r e q u i r e m e n t s  i s  s a t i s f i e d ,  where k i s  a p o s i t i v e  i n t e g e r .  
Then 6 i s  i d e n t i f i e d  as t h e b w e r - b o u n d  k to s a t i s f y  t h e  
r e q u i r e m e n t .  The number o f  200 A t  segments  f o r  t h e  t r i a l  
t r a j e c t o r y  i s  a r b i t r a r i l y  assumed. 
a small  p o s i t i v e  number f o r  E. 
a small p o s i t i v e  number f o r  A t  i n  e q u a t i o n  (26). 
a p o s i t i v e  number t o  r e s t r i c t  t h e  r e g i o n  of  t h e  s t a t e  p l a n e ,  
as i n  ( 2 7 ) .  
a small  p o s i t i v e  number f o r  e q u a t i o n  ( 2 8 ) .  
NUP: a p o s i t i v e  i n t e g e r  f o r  r o t a t i o n  o f  t r a j e c t o r i e s  for s t o p p i n g  
t h e  t r a j e c t o r y  c a l c u l a t i o n  i f  a l i m i t  c y c l e  i s  found ,  
NSI?: t h e  number o f  s i n g u l a r  p o i n t s ,  e x c l u d i n g  t h e  o r i g i n ,  i n  
NTS: t h e  number o f  s i n g u l a r  p o i n t s ,  e x c l u d i n g  t h e  o r i g i n ,  i n  
SP(1): 
t h e  l e f t  h a l f  p l a n e  of  t h e  s e a r c h  r e g i o n .  
t h e  search  r e g i o n  p l u s  2 .  
t h e  x c o o r d i n a t e  o f  t h e  Ith s i n g u l a r  p o i n t  i n  t h e  s e a r c h  
r e g i o n .  I ,  b e g i n n i n g  from 2 ,  i s  numbered f o r  each  s i n g u -  
l a r  p o i n t  e x c e p t  t h e  o r i g i n  from l e f t  to r i g h t  sequen-  
t i a l l y .  Thus SP(2) i s  t h e  x c o o r d i n a t e  o f  t h e  l e f t  most 
s i n g u l a r  p o i n t ,  SP(3) i s  t h a t  o f  t he  n e x t  to t h e  r i g h t ,  
e t c .  For p u r p o s e s  o f  t h e  program, S P ( 1 )  = -P and 
SP(NTS) = P,  a l t h o u g h  t h e s e  are n o t  s i n g u l a r  p o i n t s .  
X O :  t h e  x c o o r d i n a t e  of t h e  i n i t i a l  s t a t e  o f  t h e  f i r s t  r e v e r s e  
t i m e  t r a j e c t o r y .  
t i m e  t r a j e c t o r y .  
. Y O :  t h e  y c o o r d i n a t e  o f  t h e  i n i t i a l  s t a t e  o f  t h e  f i p t  r e v e r s e  
The compi l ing  t i m e  o f  t h e  program i s  abou t  4.50 seconds ,  
Execu t ing  times of  Exa.mples 1-3 were as f o l l o w s :  
( i )  Example 1: 2 0 . 5  seconds  w i t h  A t  = 0 , O l  and P = 10.0.  
( i i )  Example 2:  26 .8  seconds  w i t h  A t  = 0.01  and P = 1 0 . 0 .  
(iii) Example 3: 25.3 seconds  w i t h  A t  = 0 . 0 1  and P = 8.0. 
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